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Abstract
We consider a lattice implementation of the η-invariant, using the
complex phase of the determinant of the simplified domain-wall fermion,
which couples to an interpolating five-dimensional gauge field. We
clarify the relation to the effective action for chiral Ginsparg-Wilson
fermions. The integrability, which holds true for anomaly-free theo-
ries in the classical continuum limit, is not assured on the lattice with
a finite spacing. A lattice expression for the five-dimensional Chern-
Simons term is obtained.
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1 Introduction
It has become clear recently that the gauge interaction of the Weyl fermions
can be described in the framework of lattice gauge theory. The clue to this
development is the construction of gauge covariant and local Dirac operators
[1, 2, 3] which solve the Ginsparg-Wilson relation [4]. The Ginsparg-Wilson
relation implies the exact chiral symmetry for the Dirac fermion [5] and sug-
gests an asymmetric and gauge-field-dependent chiral projection to the Weyl
degrees of freedom [6, 7]. The functional measure for the Weyl fermion field
is defined based on the chiral projection. It leads to a mathematically reason-
able definition of the chiral determinant, which generally has the structure
as an overlap of two vacua [8]. It has been shown by Lu¨scher in [9, 10] that
for anomaly-free abelian chiral gauge theories, the functional measure for
the Weyl fermion fields can be constructed so that the gauge invariance is
maintained exactly on the lattice.
On the other hand, in the continuum theory, Alvarez-Gaume´ et al. [11]
and Ball and Osborn [12] have shown that the imaginary part of the effective
action for chiral fermions can be given by the η-invariant [13]. It is defined
as the spectrum asymmetry of the five-dimensional massless Dirac operator
coupled to an interpolating five-dimensional gauge field.
In this paper, we will show that a lattice implementation of the η-
invariant is possible so that the lattice η-invariant gives the imaginary part
of the effective action for the chiral Ginsparg-Wilson fermion defined by
Neuberger’s Dirac operator. We define the η-invariant on the lattice us-
ing the complex phase of the determinant of the (simplified) domain-wall
fermion [14, 15], which couples to an interpolating five-dimensional gauge
field. Our formulation then can be regarded as a lattice realization of the
argument given by Kaplan and Shmaltz in the continuum theory [16], using
the simplified formulation of the domain-wall fermion by Shamir [15].
Our lattice implementation of the η-invariant can be shown to have a
direct relation to the imaginary part of the effective action for the chiral
Ginsparg-Wilson fermions which is defined by Neuberger’s Dirac operator
[8, 10, 17]. This implementation is applicable to non-abelian chiral gauge
theories. But the integrability, which holds true for anomaly-free theories
in the classical continuum limit, is not assured on the lattice with a finite
spacing. This issue of the integrability for anomaly free chiral gauge theories
is discussed. A lattice expression for the five-dimensional Chern-Simons
term is obtained. 1
1When completing this work and preparing this article, we noticed that a paper by
Lu¨scher [18] appeared. In [18], a formula of the effective action for the chiral Ginsparg-
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This paper is organized as follows. The section 2 is devoted to reviews of
effective action for chiral fermions in the continuum theory and on the lat-
tice: In section 2.1, we first review the relation bewteen the effective action
for chiral fermions and the η-invariant in the continuum theory. In sec-
tion 2.2, the effective action for the chiral Ginsparg-Wilson fermion defined
through Neuberger’s lattice Dirac operator is reviewed. In section 2.3, we
discuss the relation between Neuberger’s Dirac operator and the domain-wall
fermion for vector-like theories. In section 3, we describe our implementa-
tion of the η-invariant on the lattice, using chiral domain-wall fermion. In
section 4, we examine the variation of the lattice η-invariant with respect to
the gauge field. In section 5, we clarify the relation of the lattice η-invariant
to the effective action for chiral Ginsparg-Wilson fermions defined through
Neuberger’s lattice Dirac operator. The integrability for anomaly free chiral
gauge theories, which is not assured a priori on the lattice, is discussed. In
section 6, we summarize our result and give some discussions.
In the following discussions, various fermion theories are considered in
the continuum limit, and on four- and five- dimensional lattices. The four-
dimensional space-time coordinates are denoted by xµ(µ = 1, 2, 3, 4) and the
fifth-dimensional coordinate is denoted by t. We denote the lattice spacing
of the four direction µ = 1, 2, 3, 4 with a and the lattice spacing of the fifth
direction with a5. Then the lattice indices are given as follows:
xµ = nµ a, nµ ∈ Z (µ = 1, 2, 3, 4), (1.1)
t = n5 a5, n5 ∈ Z. (1.2)
The gauge-covariant difference operators are defined with link variables
as
∇µφ(x, t) = 1
a
(Uµ(x, t)φ(x+ µˆa, t)− φ(x, t)) , (µ = 1, 2, 3, 4) (1.3)
∇5φ(x, t) = 1
a5
(U5(x, t)φ(x, t + a5)− φ(x, t)) , (1.4)
where the unit vector in the direction µ is denoted by µˆ.
2 Effective action for chiral fermions
in the continuum theory and on the lattice
Wilson fermion which couples to non-abelian gauge fields is derived and its relation to the
η-invariant is suggested.
3
2.1 The η-invariant in the continuum theory
In the continuum theory, the η-invariant [13] is defined as the spectrum
asymmetry of the hermitian five-dimensional Dirac operator. It can be de-
fined through the complex phase of the determinant of a five-dimensional
massless Dirac fermion in the Pauli-Villars regularization [11, 19].
πη = −Im log det [(H − iM) / (H + iM)] , H ≡ i
5∑
M=1
γMDM . (2.1)
In this formula, it is assumed that the five-dimensional Dirac operator cou-
ples to gauge fields AM (x, t) with the following property: for t = −∞ to
−∆, AM (x, t) = A0M (x); for t = −∆ to +∆, AM (x, t) smoothly interpoltes
between A0M (x) and A
1
M (x) and from t = +∆ to +∞, AM (x, t) = A1M (x).
Both A0M (x) and A
1
M (x) are assumed to be perturbative configurations and
AM (x, t) can be chosen so that the five-dimensional Dirac operator does not
have zero modes.
In [11], the variation of the η-invariant with respect to gauge field has
been examined, by introducing one more parameter u which parametrizes
the gauge configuration for t ≥ +∆. The result can be written as the sum
of the four-dimensional surface contribution and the five-dimensional bulk
contribution:
π
d
du
η = ImTrx PL
d
du
D/
1
D/
− lim
T→∞
∫
d4x
∫ T
−T
dt
1
32π2
ǫµMNKLTr
{
d
du
Aµ FMNFKL
}
(x, t;u).
(2.2)
The first term has the form of the gauge current induced by chiral fermions
which is regularized gauge-covariantly. The second five-dimensional term
can be written as the variation of the Chern-Simons term [11], up to the
local current of Bardeen and Zumino [20]:
− d
du
{2πQ5 [Aµ(x, t;u)]}+
∫
d4x tr
{
d
du
Aµ(x;u)Xµ(x;u)
}
, (2.3)
where
2πQ5 [Aµ]
= lim
T→∞
∫ ∫ T
−T
d4x dt
∫ 1
0
dσ
1
32π2
ǫµMNKLTr {AµF σMNF σKL} ,(2.4)
F σMN = σ (∂MAN − ∂NAM ) + σ2i [AM , AN ] , (2.5)
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and
Xµ =
1
48π2
ǫµνλρ (AνFλρ + FνλAρ −AνAλAρ) . (2.6)
The current of Bardeen and Zumino, denoted by Xµ here, plays the role
to translate the covariant gauge current, which is induced from the surface
term, to the consistent current [11].
Then integrating the expression with respect to u,
π
d
du
η = Im
∫
d4xTr i
d
du
Aµ
{
tr
(
1
2
γµγ5
1
D/
)
+Xµ
}
[Aµ(x;u)]
− d
du
{2πQ5 [Aµ(x, t)]} ,
(2.7)
we obtain
ImΓeff
[
A1µ
]− ImΓeff [A0µ] = πη + 2πQ5 [Aµ(x, t)] . (2.8)
We note here the role of the Chern-Simons term. 1) First of all, the Chern-
Simons term compensates the dependence of the η-invariant on the path
of the interpolation and make it integrable so that it can give the effective
action of chiral fermions which depends only the values of gauge fields at the
boundaries. 2) The Chern-Simons term reproduces the non-abelian gauge
anomaly of the effective action, while the η-invariant is gauge invariant. If
A1µ(x) is obtained from A
0
µ(x) by a certain gauge tranformation,
A1µ(x) = g(x)A
0
µ(x)g(x)
−1 − ig(x)∂µg(x)−1, (2.9)
we may consider an interpolation of the gauge transformation function,
g(x, t), such that g(x, t = −∞) = 1 and g(x, t = ∞) = g(x) and the re-
gion of the interpolation is within t ∈ [−∆,∆]. Then we obtain
ImΓeff [g(x)A0µ(x)g(x)−1−ig(x)∂µg(x)−1]− ImΓeff [A0µ(x)]
= 2πQ5 [g(x,t)A0µ(x)g(x,t)−1−ig(x,t)∂µg(x,t)−1;−ig(x,t)∂5g(x,t)−1] .
(2.10)
The r.h.s. is nothing but the Wess-Zumino action. 3) When the non-abelian
gauge anomaly is canceled by the condition∑
R
TrR
(
T a
{
T b, T c
})
= 0, (2.11)
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the Chern-Simons term vanishes. The η-invariant becomes integrable and
identical to the imaginary part of the gauge invariant effective action for
chiral fermions.
ImΓeff [Aµ]− ImΓeff
[
A0µ
]
= πη. (2.12)
Thus the imaginary part of the effective action of chiral fermions can be
expressed through the η-invariant.
Since Xµ(x;u) is orthogonal to Aµ(x;u), it does not contribute in the
integration of u if we adopt the linear interpolation as Aµ(x;u) = uAµ(x).
In this case, the imaginary part of the effective action is entirely given by
the integration of the covariant gauge current induced from the surface term
[21].
ImΓeff [Aµ]− ImΓeff
[
A0µ
]
=
∫ 1
0
du ImTrx PL
d
du
D/
1
D/
. (2.13)
The integration of the bulk term gives directly the Chern-Simons term.
2πQ5 [Aµ(x, t;u)]
=
∫ 1
0
du lim
T→∞
∫ ∫ T
−T
d4xdt
1
32π2
ǫµMNKLTr
{
d
du
Aµ FMNFKL
}
(x, t;u).
(2.14)
2.2 Effective action for chiral Ginsparg-Wilson fermion
defined by Neuberger’s lattice Dirac operator
2.2.1 Neuberger’s lattice Dirac operator
Neuberger’s lattice Dirac operator [1], which is derived from the overlap
formalism [8] and satisfies the Ginsparg-Wilson relation [4], is given by the
following formula:
D =
1
2a
(
1 +X
1√
X†X
)
=
1
2a
(
1 + γ5
H√
H2
)
, (2.15)
where X is the Wilson-Dirac operator with a negative mass and H is the
hermitian operator,
X = Dw − m0
a
, H = γ5
(
Dw − m0
a
)
, (0 < m0 < 2), (2.16)
6
Dw =
4∑
µ=1
{
γµ
1
2
(
∇µ −∇†µ
)
+
a
2
∇µ∇†µ
}
. (2.17)
This Dirac operator satisfies the Ginsparg-Wilson relation [4].
γ5D +Dγ5 = 2aDγ5D. (2.18)
Locality properties of Neuberger’s lattice Dirac operator has been ex-
amined by Herna´ndes, Jansen and Lu¨scher [3]. For a certain class of gauge
fields with small lattice field strength, exponential bounds have been proved
rigorously on the kernels of the Dirac operator and its differentiations with
respect to the gauge field. Namely, if the field strength of the gauge field
bounded uniformly as follows,
‖1− Uµν(x)‖ < ǫ, ǫ < 1
30
{
1− |1−m0|2
}
, (2.19)
then the Wilson-Dirac operator square is bounded below by a positive con-
stant as∥∥∥∥a2 (Dw − m0a )† (Dw − m0a )
∥∥∥∥ ≥ {(1− 30ǫ) 12 − |1−m0|}2 . (2.20)
Given the positive lower and upper bounds for a2X†X, it follows that the
kernel of Neuberger’s Dirac operator is exponentially bounded as
a4 ‖ D(x, y) ‖= C exp
{
− θ
2a
|x− y|
}
, (2.21)
where θ is a certain constant which is determined from the lower and upper
bounds for a2X†X.
2.2.2 Effective action for chiral Ginsparg-Wilson fermion
The Ginsparg-Wilson relation Eq. (2.18) implies the exact symmetry of the
fermion action. For the Dirac fermion described by the lattice Dirac operator
which satisfies the Ginsparg-Wilson relation
SD = a
4
∑
x
ψ¯(x)Dψ(x), (2.22)
chiral transformation can be defined as follows:
δψ(x) = γ5 (1− 2aD)ψ(x), δψ¯(x) = ψ¯(x)γ5. (2.23)
7
Then it is straightforward to see that the action is invariant under this
transformation.
From this property, Weyl fermion can be introduced as the eigenstate of
the generators of the chiral transformation
γˆ5 = γ5 (1− 2aD) , γ5. (2.24)
Namely, the right-handed Weyl fermion is defined through the constraint
given as follows [6, 10]:
PˆRψR(x) = ψR(x), ψ¯R(x)PL = ψ¯R(x), (2.25)
where PˆR is the chiral projector for the fermion field ψ(x) defined as
PR =
(
1 + γˆ5
2
)
, PL =
(
1− γ5
2
)
. (2.26)
The action of the Weyl fermion is given by
SW = a
4
∑
x
ψ¯R(x)DψR(x). (2.27)
The functional integral measure for the Weyl fermion can be defined by
introducing the chiral basis,
PˆRvj(x) = vj(x), (vk, vj) = δkj , (2.28)
where (vk, vj) = a
4
∑
x vk(x)
†vj(x). Using this chiral basis, the Weyl fermion
can be expanded with the coefficients cj which generates a Grassmann al-
gebra. Then the functional measure for the right-handed field is given by
D [ψ] =
∏
j
dcj ψR(x) =
∑
j
vj(x)cj . (2.29)
The functional measure for the anti-fermion field is defined similarly with
the basis
v¯k(x)PL = v¯k(x), (v¯k, v¯j) = δkj , (2.30)
as follows:
D
[
ψ¯
]
=
∏
k
dc¯k ψ¯R(x) =
∑
k
c¯kv¯k(x). (2.31)
8
Then the partition function of the Weyl fermion is given as
ZF =
∫
D [ψ]D
[
ψ¯
]
e−SW [ψR,ψ¯R] = detMkj, (2.32)
where
Mkj = v¯kDvj . (2.33)
In the case using Neuberger’s Dirac operator, the right-handed projector
is noting but the projector to negative energy states of the Wilson-Dirac
hamiltonian H,
PˆR =
1− H√
H2
2
. (2.34)
Then the basis vj(x) can be chosen as the normalized complete set of the
eigenvectors of negative energy states. The basis v¯k(x) may be regarded as
the complete set of the negative-energy eigenvectors of the hamiltonian γ5.
Then the chiral determinant may be written in the form of the overlap of
two vacua [8]:
detMkj = det (v¯kvj) . (2.35)
It is useful for later discussions to consider the variation of the effective
action with respect to the gauge fields [22, 10, 18]. Following [10, 18], we
write the variation of the link variables as
δζUµ(x) = aζµ(x)Uµ(x), ζµ(x) = iT
aζaµ(x). (2.36)
Then the variation of the effective action is evaluated as
δζ ln detMkj = TrδζDPˆRD
−1PL +
∑
k
(vk, δζvk) . (2.37)
The second term of the r.h.s. is discussed in [22] in analogy of the Berry
connection. It is refered as the measure term in [10, 18]. This term may be
expressed with a current as follows:∑
k
(vk, δζvk) = −ia4
∑
x
ζaµ(x)j
a
µ(x). (2.38)
9
2.2.3 Gauge invariant choice of the measure term in abelian chi-
ral gauge theories
It has been shown by Lu¨scher in [9, 10] that for anomaly-free abelian chiral
gauge theories, the functional measure for the Weyl fermion fields can be
constructed so that the gauge invariance of the effective action is maintained
exactly on the lattice. If we consider a gauge transformation of the effective
action in an abelian chiral gauge theory, we obtain
δω ln detMkj = i
∑
x
ω(x)
{
trTγ5 (1− aD) (x, x)− a4∂∗µjµ(x)
}
. (2.39)
In this respect, the result obtained by Lu¨scher [9], which is crucial for the
gauge invariance, is that the anomaly associated with the chiral gauge cur-
rent can be expressed in the following form:
trγ5 (1− aD) (x, x) = a4
{
1
32π2
ǫµνρσFµν(x)Fρσ(x+ µˆ+ νˆ) + ∂
∗
µk¯µ(x)
}
,
(2.40)
where k¯µ(x) is a gauge-invariant local current. This is the consequence of
the index theorem on the lattice [23]. Then it has been shown that the basis
{vj(x)} can be chosen so that the current associated with the measure term
is gauge-invariant and local and it satisfies the anomalous conservation law,
∂∗µjµ(x) =
1
a4
trγ5 (1− aD) (x, x) = ∂∗µk¯µ(x), (2.41)
when the anomaly cancellation condition
∑
i e
3
i = 0 is satisfied. The explicit
form of the ansatz for the measure term is given by
− ia4
∑
k
ζµ(x)jµ(x) = −i
∫ 1
0
dtTr
{
PˆR
[
∂tPˆR, δζ PˆR
]}
−
∫ 1
0
dt
∑
x
{
ζµ(x)k¯µ(x) +Aµ(x)δζ k¯µ(x)
}
,
(2.42)
where Uµ(x, t) = exp(itAµ(x)).
2.3 Domain-wall fermion for vector-like theories
Neuberger’s lattice Dirac operator has a close relation to the domain-wall
fermion [24, 25, 26]. In a simplified formulation, the domain-wall fermion is
10
defined by the five-dimensional Wilson fermion with the Dirichlet boundary
condition in the fifth dimension. With the Dirichlet boundary condition in
the fifth direction,
ψR(x, t)|t=−T = 0, ψL(x, t)|t=T+a5 = 0, (T = Na5), (2.43)
the action of the domain-wall fermion is defined by
SDW = a5
T∑
t=−T+a5
a4
∑
x
ψ¯(x, t)
(
D5w − m0
a
)
ψ(x, t), (0 < m0 < 2),
(2.44)
where the gauge field is asuumed to be four-dimensional
Uµ(x, t) = Uµ(x), U5(x, t) = 1, (2.45)
and the five-dimensional Wilson-Dirac operator D5w is defined as
D5w =
4∑
µ=1
{
γµ
1
2
(
∇µ −∇†µ
)
+
a
2
∇µ∇†µ
}
+ γ5
1
2
(
∇5 −∇†5
)
+
a5
2
∇5∇†5.
(2.46)
Due to its structure of the chiral hopping and the boundary condition
in the fifth dimension, a single light Dirac fermion can emerge in the spec-
trum. This light fermion can be probed suitably by the field variables at
the boundary of the fifth dimension, which are referred as q(x) and q¯(x) by
Furman and Shamir.
q(x) = ψL(x,−T + a5) + ψR(x, T ), q¯(x) = ψ¯L(x,−T + 1) + ψ¯R(x, T ).
(2.47)
In fact, the propagator of the light fermion field can be expressed in terms
of the effective Dirac operator [24, 26]:
〈q(x)q¯(y)〉 = 1
a4
(
1
a
D
(T )
eff
−1 − δ(x, y)
)
, (2.48)
where
D
(T )
eff =
1
2a
(
1 + γ5 tanhTH˜
)
, (T = Na5). (2.49)
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H˜ is defined through the transfer matrix of the five-dimensional Wilson
fermion
e−a5H˜ =
(
1
B − 1BC
−C† 1B B + C† 1BC
)
, (2.50)
where 2
C = a5 σµ
1
2
(∇µ +∇∗µ) , (2.51)
B = 1 + a5
(
−a
2
∇µ∇∗µ −
m0
a
)
. (2.52)
The limit T → ∞ is defined well as long as H˜2 > 0. The effective Dirac
operator Eq. (2.49) then reduces to Neuberger’s lattice Dirac operator using
H˜,
Deff =
1
2a
(
1 + γ5
H˜√
H˜2
)
, (2.53)
and turns out to satisfy the Ginsparg-Wilson relation.
It is useful to note that the effective Dirac operator admits the following
representation [26, 27]:
aD
(T )
eff = 1− PR
{
a5
(
D5w − m0
a
)}−1
T,T
PL
−PL
{
a5
(
D5w − m0
a
)}−1
−T+a5,−T+a5
PR
−PR
{
a5
(
D5w − m0
a
)}−1
T,−T+a5
PR
−PL
{
a5
(
D5w − m0
a
)}−1
−T+a5,T
PL,
(2.54)
where D5w is the five-dimensional Wilson-Dirac operator with the anti-
periodic boundary condition in the fifth-dimension. Its inverse may be ex-
pressed as{
a5
(
D5w − m0
a
)}−1
st
=
1
2N
∑
p
eip(s−t)
iγ5 sin pa5 + 1− cos pa5 + a5
(
Dw − m0a
) .
(2.55)
2 In this expression, the positivity of B is required for the transfer matrix to be defined
consistently. It is assured when 0 < a5
a
m0 < 1 .
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The summation is taken over the discrete momenta p = piNa5 (k − 12) (k =
1, 2, · · · , 2N) and in the limit N →∞ it reduces to the continuous integral.
From this representation, it is rather clear that the effective Dirac opera-
tor can be defined consistently if the five-dimensional Wilson-Dirac operator
with the anti-periodic boundary condition is not singular and invertible for
all T . In this respect, we should note that the lower bound on the square of
the five-dimensional Wilson-Dirac operator is related closely to that on the
square of the four-dimensional Wilson-Dirac operator [3, 28], because the
gauge field is four-dimensional. In fact, the same lower bound can be set for
the class of gauge fields with small lattice field strength which satisfies the
bound Eq. (2.19).∥∥∥∥a2 (D5w − m0a )† (D5w − m0a )
∥∥∥∥ ≥ {(1− 30ǫ) 12 − |1−m0|}2 . (2.56)
3 A lattice implementation of the η-invariant
3.1 The η-invariant, the five-dimensional massless fermion
on the lattice and the chiral domain-wall fermion
In the continuum theory, the η-invariant can be defined through the com-
plex phase of the determinant of a five-dimensional massless Dirac fermion
in the Pauli-Villars regularization [11, 19]. In order to implement the η-
invariant on the lattice, we may consider a five-dimensional massless Dirac
fermion which is formulated on the lattice using the five-dimensional over-
lap Dirac operator [29]. As shown in [29], in the overlap formalism [8], a
five-dimensional massless Dirac fermion can be described gauge invariantly
by the five-dimensional overlap Dirac operator:
S5dim = a5a
4
∑
x,t
ψ¯(x, t)
1 +X5 1√
X†5X5
ψ(x, t), (3.1)
where X5 denotes the five-dimensional Wilson-Dirac operator D5w with a
negative mass:
X5 = D5w − m0
a
(0 < m0 < 2). (3.2)
Then we can consider a lattice implementation of the η-invariant using the
complex phase of the determinant of the five-dimensional massless Dirac
13
fermion which couples to a certain interpolating five-dimensional lattice
gauge field:
π
2
η ≃ Im ln det
1 +X5 1√
X†5X5
 . (3.3)
Since it holds that [29] 3
Im ln det
1 +X5 1√
X†5X5
 = 1
2
Im ln detX5, (3.5)
the above implementation can also be written as
π η ≃ Im ln det
(
D5w − m0
a
)
. (3.6)
These consideration suggests that the η-invariant can be implemented
on the lattice through the complex phase of the determinant of the simpli-
fied domain-wall fermion which couples to the interpolating five-dimensional
gauge field. Namely, we first impose the Dirichlet boundary condition in the
fifth dimension and then let the extent of the fifth dimension go to infinity.
π η ≃ lim
T→∞
Im ln det
(
D5w(T) −
m0
a
)
. (3.7)
D5w(T) stands for the Wilson-Dirac operator which is subject to the Dirichlet
boundary condition at t = −T+a5 and t = T .4 Because of the interpolation
in the fifth direction, the chiral modes at the boundary t = −T + a5 and
t = T couple to different four-dimensional gauge fields. This difference is
expected to reprodue the difference of the complex phase of the effective
3 If we use an abbreviation as V = X5
1√
X
†
5
X5
, we have V †V = 1. Then, the complex
phase of the partition function of the five-dimensional massless Dirac fermion can be
evaluated as
Im ln det(T ) (1 + V ) =
1
2i
ln det(T )
(1 + V )
(1 + V †)
=
1
2i
ln det(T )
1
V †
=
1
2
Im ln det(T ) V. (3.4)
Since
√
X†5X5 is hermitian, it does not contribute to the complex phase of the partition
function and can be neglected. Thus we obtain Eq. (3.5).
4 With this boundary condition, the difference operator in the fifth direction
∂5 =
1
a5
(
δx+5ˆ,y − δx,y
)
(3.8)
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action for the chiral Ginsparg-Wilson fermion, since the chiral modes at
the boundaries are described by the effective Dirac operator satisfying the
Ginsparg-Wilson relation. Our proposal then can be regarded as a lattice
realization of the argument given by Kaplan and Shmaltz in [16], using the
simplified domain-wall fermion of Shamir [15].
3.2 Smooth interpolation of four-dimensional gauge fields
In order to realize the smooth interpolation of the four-dimensional lattice
gauge fields, we need to choose carefully the interpolating five-dimensional
gauge field. For this purpose, we first consider the five-dimensional lattice
theory Eq. (3.7) and then take the continuum limit in the fifth dimension,
a5 → 0.
To prepare the interpolating gauge fields on the five-dimensional lattice,
let us consider two four-dimensional gauge fields.
Uµ(x) = e
iAµ(x), U0µ(x) = e
iA0µ(x). (3.10)
We assume that both gauge fields are smooth enough to satisfies the bound
Eq. (2.19) to make Neuberger’s Dirac operator defined well and local [3].
We also assume that both gauge fields belong to the same topological sector
in which the topological charge defined through Neuberger’s Dirac operator
Q = −aTrγ5D = −1
2
Tr
H√
H2
(3.11)
are equal.
Then we consider a five-dimensional gauge field interpolating two four-
dimensional gauge fields, U0µ(x) and Uµ(x), along the fifth coordinate t which
is for the first time regarded as a continuous coordinate.
Uµ(x, t) t ∈ R. (3.12)
may be expressed by 2N × 2N matrix (T = Na5) as follows:
∂5(T ) =
1
a5

−1 1 0 0 0 0
0 −1 1 0 0 0
0 0 −1 1 0 0
0 0 0 −1 1 0
0 0 0 0 −1 1
0 0 0 0 0 −1
 (N = 3). (3.9)
The subscript (T ) denotes the fact that the difference operator is implemented by a finite
matrix, taking account of the Dirichlet boundary condition in the fifth direction.
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We assume that it is possible to choose such an interpolation without break-
ing the bound Eq. (2.19) and changing the topological property of the gauge
fields:
‖1− Uµν(x, t)‖ < ǫ, ǫ < 1
30
{
1− |1−m0|2
}
, t ∈ R. (3.13)
We also assume that the interpolating region has a finite interval, t ∈
[−∆,∆]: When t < −∆, it coincides with the four-dimensional gauge field
U0µ(x),
Uµ(x, t) −→
t<−∆
U0µ(x). (3.14)
When t > ∆, it coincides with the other four-dimensional gauge field Uµ(x):
Uµ(x, t) −→
t>+∆
Uµ(x). (3.15)
This defines one parameter family of the interpolating five-dimensional gauge
fields. See Figure 1.
✲
0 t-∆ ∆
U0µ(x)
Uµ(x)
Figure 1: Interpolating five-dimensional gauge field
We then map the continuum interpolations to a discrete fifth dimensional
lattice space so that ∆ < T . (Figure 2)
Uµ(x, t) t = n5a5, n5 ∈ Z. (3.16)
This interpolating five-dimensional lattice gauge field is to couple to the
domain-wall fermion of Eq. (3.7). In order to recover the smooth interpola-
tion of the two four-dimensional lattice gauge fields, we need to take both
the infinite extent limit T →∞ and the continuum limit a5 → 0 of the fifth
dimension, keeping ∆≪ T .
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0r r r r r r r r r r r r r r r r r r
−T + a5 T (= Na5)-∆ ∆
U0µ(x)
Uµ(x;u)
Figure 2: Interpolating five-dimensional gauge field on the lattice
3.3 Inverse five-dimensional Wilson-Dirac operators
For technical reasons, we also require that the five-dimensional Wilson-Dirac
operator which couples to the five-dimensional interpolating lattice gauge
fields does not have zero mode and is invertible. For this, we asuume the
following bound on the 5− µ plaquette,5
‖1− U5µ(x, t)‖ <
(a5
a
)
ǫ5, 30ǫ+ 20ǫ5 <
{
1− |1−m0|2
}
. (3.17)
Note that since we can estimate the size of the 5− µ plaquette as
‖1 − U5µ(x, t)‖ ≃ a5
∆
‖U0µ(x)− U1µ(x)‖, (3.18)
and
ǫ5 ≃ a
∆
‖U0µ(x)− U1µ(x)‖, (3.19)
this bound holds true as long as we choose ∆/a large enough. 6 Then the
five-dimensional Wilson-Dirac operator is bounded from below by a positive
constant,∥∥∥∥a2 (D5w − m0a )† (D5w − m0a )
∥∥∥∥ ≥ {(1− 30ǫ− 20ǫ5) 12 − |1−m0|}2 .
(3.20)
5 Y.K. is grateful to D.B. Kaplan for discussions and suggestions on this point.
6The bound on the five-dimensional plaquette variables can be regarded as a sufficient
condition for the existence of chiral fermions on the boundary walls. In this respect, we
note that in the waveguide approach of domain wall fermion [30, 31], ∆/a is set to unity
and the bound on the five-dimensional plaquette variables is not satisfied in general.
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Given the potitive lower and upper bounds for the five-dimensional
Wilson-Dirac operator,
α˜ ≤
∥∥∥∥a2 (D5w − m0a )† (D5w − m0a )
∥∥∥∥ ≤ β˜, (3.21)
it follows that the inverse five-dimensional Wilson-Dirac operator decays
exponentially at large distance in the fifth dimension [27]:∥∥∥∥{a2D†5wD5w}−1 (x, s; y, t)∥∥∥∥ ≤ C exp
{
− θ˜
2
d5(x, s; y, t)
}
, (3.22)
where
C =
4t
β˜ − α˜
(
1
1− t
d5(x, s; y, t)
2
+
t
(1− t)2
)
, (3.23)
t = e−θ˜, cosh θ˜ =
β˜ + α˜
β˜ − α˜ , (3.24)
and d5(x, s; y, t) = |x− y|/a+ |s− t|/a5.
The similar property holds true for the five-dimensional Wilson-Dirac
operator which is subject to the Dirichlet boundary condition in the fifth
direction. In order to see this, we note the following identity which holds
for s, t ∈ [−T + a5, T ]:
1
D5w(T ) − m0a
(s, x; t, y) − 1
D5w − m0a
(s, x; t, y)
=
1
D5w(T ) − m0a
V(−T+a5;T )
1
D5w − m0a
(s, x; t, y),
(3.25)
where
V(−T+a5;T ) =
1
a5
{−PLδs,−T δt,−T+a5 − PRδs,−T+a5δt,−T
−PLδs,T δt,T+a5 − PRδs,T+a5δt,T } . (3.26)
In this identity, the Dirichlet boundary condition at t = −T + a5 and t = T
is implemented in the infinite extent of the fifth dimension by adding the
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surface interaction term [32]. The derivation of this identity is given in
appendix A. By setting t = T , we obtain
1
D5w(T ) − m0a
(s, T )
(
1 + PL
1
D5w − m0a
(T + a5, T )
)
=
1
D5w − m0a
(s, T )
− 1
D5w(T ) − m0a
(s,−T + a5)PR 1
D5w − m0a
(−T, T ).
(3.27)
We may assume that the correlator(
D5w − m0
a
)−1
(T + a5, T ) (3.28)
has a finite limit when T → ∞. Then we can infer that the inverse of
D5w(T ) − m0a should decay exponentially (up to power corrections in T ) at
large distance with the same exponent as Eq. (3.22) forD5w−m0a . Otherwise,
it would contradict with Eq. (3.27). Therefore we obtain the following bound
in the limit T →∞ and |s− T | → ∞,∥∥∥∥ 1D5w(T ) − m0a (x, s; y, T )
∥∥∥∥ ≤ C ′ (T/a5)m exp
{
− θ˜
2a5
|s− T |
}
,
(|s− T | → ∞) , (3.29)
with a positive constant C ′ and a positive integer m.
3.4 Definition of the η-invariant on the lattice
In summary, we consider the following lattice implementation of the η-
invariant.
π η ≡ lim
a5→0
lim
T→∞
Im ln det
(
D5w(T) −
m0
a
)
. (3.30)
It utilizes the complex phase of the determinant of the simplified domain-
wall fermion which couples to the interpolating five-dimensional gauge field,
SDW = a5
T∑
t=−T+a5
a4
∑
x
ψ¯(x, t)
(
D5w − m0
a
)
ψ(x, t), (0 < m0 < 2),
(3.31)
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with the Dirichlet boundary condition in the fifth direction,
ψR(x, t) |t=−T = 0, ψL(x, t) |t=T+a5 = 0. (3.32)
D5w(T) stands for the five-dimensional Wilson-Dirac operator D5w which is
subject to the Dirichlet boundary condition. The five-dimemsional lattice
gauge field “interpolates” two four-dimensional lattice gauge field with same
topological charge in a finite region t ∈ [−∆,∆]. It satisfies the bounds on
the plaquette variables as
‖1− Uµν(x, t)‖ < ǫ, (3.33)
‖1− U5µ(x, t)‖ <
(a5
a
)
ǫ5, 30ǫ+ 20ǫ5 <
{
1− |1−m0|2
}
.(3.34)
and has a smooth continuum limit in a5 → 0.
4 The variation of η with respect to gauge field
Following the analysis in the continuum theory[11], we next examine the
variation of η with respect to the gauge field. For this purpose, we intro-
duce another parameter u ∈ [0, 1] so that it parametrizes the gauge field
configuration at t ≥ +∆ from U0µ(x) to Uµ(x). (Figure 3)
Uµ(x;u), u ∈ [0, 1]. (4.1)
Uµ(x;u = 0) = U
0
µ(x), Uµ(x;u = 1) = Uµ(x). (4.2)
4.1 Summary of result
Before going into technical details, we first summarize our result. The vari-
ation of η with respect to u can be written as the sum of two contributions
as follows:
d
du
η [Uµ(x, t;u)] = lim
a5→0
lim
T→∞
1
π
ImTr(T )
d
du
D5w(∞)
1
D5w(∞) − m0a
+
1
π
ImTrx PL
d
du
D
1
D
. (4.3)
The first one is the bulk five-dimensional contribution, which depends on
the whole interpolating five-dimensional gauge fields. The second one is
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✲
0 t-∆ ∆
U0µ(x)
Uµ(x)
Uµ(x;u)
U0µ(x)
✻u
Figure 3: Parameter u
the contribution from the boundaries at t = −T + a5 and t = T , which
depends only on the boundary values of the interpolating five-dimensional
gauge fields.
Remarkably, the surface contribution is expressed by the covariant chiral
gauge current associated with Neuberger’s Dirac operator. This surface term
can be related to the imaginary part of the effective action for the chiral
Ginsparg-Wilson fermion which is defined with Neuberger’s Dirac operator
[8, 10, 17], as we will see later.
The bulk contribution reproduces the Chern-Simons term in the classi-
cal continuum limit. First of all, this term is a local functional of Uµ(x, t).
This follows from the property of the inverse five-dimensional Wilson-Dirac
operator given by Eq. (3.22), which becomes small exponentially at large dis-
tance. Secondly, using a plain wave basis on the lattice, as in the continuum
analysis, it can be evaluated as
lim
a5→0
lim
T→∞
ImTr(T )
d
du
D5w(∞)
1
D5w(∞) − m0a
=
a,a5→0
− lim
T ′→∞
∫
d4x
∫ T ′
−T ′
dt
1
32π2
ǫµMNKLtr
{
d
du
Aµ FMNFKL
}
(x, t;u).
(4.4)
This quantity can be written as the variation of the Chern-Simons term,
up to the local current of Bardeen and Zumino [20] which plays the role
to translate the covariant gauge current from the surface contribution to
the consistent one [11]. Thus the result in the continuum theory [11] is
completely reproduced by our lattice implementation of the η-invariant in
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the classical continuum limit.7
The coefficient of the Chern-Simons term in this calculation is given by
the topological number associated with the free five-dimensional Wilson-
Dirac operator,
c =
1
5!
∫ pi
−pi
d5k
(2π)5
ǫMNIJKTr
{(
∂MS
−1S
) (
∂NS
−1S
)×(
∂IS
−1S
) (
∂JS
−1S
) (
∂KS
−1S
)}
(k)
=
i
8π2
, (4.5)
where S(k) is the free propagator of five-dimensional Wilson-Dirac fermion.
S−1(k) =
5∑
M=1
(
iγM sin kM + 2 sin
2 kM
2
)
−m0 (0 < m0 < 2). (4.6)
This result is consistent with the previous calculation of the Chern-Simons
current by Golterman, Jansen and Kaplan [33]. The similar quantity in
which the fifth momentum is continuous has appeared in the calculation of
the axial anomaly [34] of the Ginsparg-Wilson fermion defined with Neu-
berger’s Dirac operator.8
4.2 Evaluation of d
du
η
4.2.1 Separation of bulk contribution
Now we go into details how to evaluate the variation of η. From the contin-
uum argument of [11], we expect that the variation of η can be written as
the sum of two contributions. The first one is the bulk five-dimensional con-
tribution, which should reproduce a part of the Chern-Simons term. The
second one is the contribution from the boundaries at t = −T + a5 and
t = T , which should be related to the effective action of the chiral fermion.
In the context of the domain-wall fermion here, it should be related to the
chiral light modes at the boundaries.
By taking the variation of η with respect to u, we obtain
d
du
η = lim
a5→0
lim
T→∞
1
π
ImTr(T )
d
du
D5w(T)
1
D5w(T) − m0a
. (4.7)
7We are considering the effective action for the right-handed Weyl fermions.
8See [35] for the original calculations of the Chern-Simons term induced from the
Wilson-Dirac fermion in three dimensions. For the detail analysis of the chiral Jaccobian
of the Ginsparg-Wilson fermion, the authors refer the reader to [36, 37]
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Note that since D5(T ) is defined in the finite interval of [−T + a5, T ], taking
account of the Dirichlet boundary condition, the cyclic property of the trace
over the fifth dimension holds true here.
In order to separate the bulk five-dimensional contribution from the
boundary contribution, we note the following fact: the bulk term comes
from the interval [−∆,∆] where the interpolating field is varing in t. Then
it can also be evaluated from the five-dimensional Dirac fermion (the simpli-
fied domain-wall fermion) defined in a slightly larger five dimensional space
than t ∈ [−T + a5, T ], say, t ∈ [−T −∆T + a5, T +∆T ]. (Figure 4)
0
r r r r r r r r r r r r r r r r r r r r r r r r
−T + a5 T
⇐=
∆T
=⇒
∆T
Uµ(x)
U0µ(x)
Figure 4: Larger five-dimensional space
The inverse of the Dirac operator in this case
1
D5w(T+∆T) − m0a
(x, s; y, t) (4.8)
does not support the light chiral modes at the original boundaries t =
−T + a5 and t = T . If we would replace the inverse of the five-dimensional
Dirac operator in Eq. (4.7) by Eq. (4.8), then it could include only the bulk
contribution. This consideration suggests the following separation:
1
π
ImTr(T )
d
du
D5w(T)
1
D5w(T) − m0a
=
1
π
ImTr(T )
d
du
D5w(T)
1
D5w(T+∆T) − m0a
+
1
π
ImTr(T )
d
du
D5w(T)
(
1
D5w(T) − m0a z
− 1
D5w(T+∆T) − m0a
)
.
(4.9)
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Note that we can let ∆T be infinity in this separation.
In order to see that the second term in the r.h.s. of Eq. (4.9) is actually
localized at the boundary, we note the following identity which holds for
s, t ∈ [−T + a5, T ]:
1
D5w(T) − m0a
(s, x; t, y) − 1
D5w(T+∆T) − m0a
(s, x; t, y)
=
1
D5w(T) − m0a
V(−T+a5;T )
1
D5w(T+∆T) − m0a
(s, x; t, y),
(4.10)
where
V(−T+a5;T ) =
1
a5
{−PLδs,−T δt,−T+a5 − PRδs,−T+a5δt,−T
−PLδs,T δt,T+a5 − PRδs,T+a5δt,T } . (4.11)
In this identity,9 the Dirichlet boundary condition at t = −T + a5 and
t = T , in the middle of the enlarged extent of the fifth dimension [−T −
∆T +a5, T +∆], is implemented by adding the surface interaction term [32].
The derivation of this identity is given in appendix A.
Using this identity, the second term can be evaluated as follows:
1
π
ImTr(T )
d
du
D5w(T)
(
1
D5w(T) − m0a z
− 1
D5w(T+∆T) − m0a
)
=
1
π
ImTr(T )
d
du
D5w(T)
1
D5w(T) − m0a
V(−T+1,T )
1
D5w(T+∆T) − m0a
= − 1
π
ImTr(T )
d
du
(
1
D5w(T) − m0a
)
V(−T+a5,T )
(
1− 1
D5w(T+∆T) − m0a
V(−T+a5,T )
)
.
(4.12)
Inserting the explicit expression of V(−T+a5;T ), we can evaluate it further to
9 In the limit ∆T →∞, it reduces to Eq. (3.25).
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have
=
1
π
ImTrx
1
a25
{
PL
d
du
(
1
D5w(T) − m0a
)
(−T+a5;−T+a5)PR
1
D5w(T+∆T) − m0a
(−T ;−T )
+PR
d
du
(
1
D5w(T) − m0a
)
(T ;T )PL
1
D5w(T+∆T) − m0a
(T+a5;T+a5)
+PL
d
du
(
1
D5w(T) − m0a
)
(−T+a5;T )PR
1
D5w(T+∆T) − m0a
(T ;−T )
+PR
d
du
(
1
D5w(T) − m0a
)
(T ;−T+a5)PL
1
D5w(T+∆T) − m0a
(−T ;T+a5)
}
.
(4.13)
We can see that the first two terms are localized at the boundaries t =
−T + a5 and t = T , respectively. The last two terms comes from the
correlation between two boundaries.
After letting ∆T go to infinity, we can see that the last two terms in
Eq. (4.13) vanish in the limit T → ∞, because the inverse of the five-
dimensional Wilson-Dirac operator vanishes exponentially for a large sepa-
ration in the fifth dimension. See Eqs. (3.22) and (3.29).
Therefore, we can write the variation of η as
d
du
η =
d
du
η
bulk
+
d
du
η
surf
, (4.14)
d
du
η
bulk
= lim
a5→0
lim
T→∞
1
π
ImTr(T )
d
du
D5w
1
D5w(∞) − m0a
, (4.15)
d
du
η
surf
= lim
a5→0
lim
T→∞
1
π
ImTrx
1
a25
{
PL
d
du
(
1
D5w(T) − m0a
)
(−T+a5;−T+a5)PR
1
D5w(∞) − m0a
(−T ;−T )
+PR
d
du
(
1
D5w(T) − m0a
)
(T ;T )PL
1
D5w(∞) − m0a
(T+a5;T+a5)
}
.
(4.16)
4.2.2 Surface term in the limit T →∞
We have seen that ddu ηsurf is actually localized at the boundaries t = −T+a5
(−T ) and t = T (T + a5). Still it depends on the whole interpolating five-
dimensional gauge fields. We next show that in the limit T → ∞, the
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interpolating five-dimensional gauge field in the surface contributions can
be replaced by the gauge fields of its boundary values.
In order to show this, let us first introduce the five-dimensional gauge
fields which are uniform with respect to the fifth-dimensional coordinate t
U←µ (x, t;u) = U
0
µ(x), U
→
µ (x, t;u) = Uµ(x;u), (4.17)
0
r r r r r r r r r r r r r r r r r r
U0µ(x)
Uµ(x)
−T + a5 T
U→µ (x, t;u)
U←µ (x, t;u)
Uµ(x, t;u)
Figure 5: Uniform five-dimensional gauge fields
and consider the five-dimensional Dirac fermions (the simplified domain-wall
fermion) which couple to these uniform gauge fields. We denote the five-
dimensional Dirac operator of these fermions as D←5 and D
→
5 , respectively.
In the contribution from the boundary at t = T in Eq. (4.16), the Dirac
operator D5w(T) differs from D
→
5w(T) only in the region t a5 ≤ +∆. Then we
may write as
1
D→5w(T) − m0a
(T, T )− 1
D5w(T) − m0a
(T, T )
=
∑
t′≤+∆
1
D5w(T) − m0a
(T, t′)
(
D5w(T) −D←5w(T)
)
(t′)
1
D→5w(T) − m0a
(t′, T ).
(4.18)
Since both
(
D5w(T) − m0a
)−1
and
(
D→5w(T) − m0a
)−1
decay exponentially at
large distance in the fifth dimension, as shown in Eq. (3.29), we can see
that the above difference vanishes exponentially in the limit T →∞. As for(
D5w(∞) − m0a
)−1
(T + a5, T + a5), the similar results follow from Eq. (3.22)
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and we may replace it by
(
D→5(T ) − m0a
)−1
(T + a5, T + a5). By the similar
argument, we can show that D5w(T) andD5w(∞) in the contribution from the
boundary at t = −T can be replaced by D←5w(T) and D←5w(∞), respectively.
Furthermore, since the five-dimensional Wilson-Dirac operators depend
smoothly on the gauge fields, the differences of D5w(T) vanishes even after
taking the variation with respect to the parameter u. Since U←µ (x, t;u)
actually does not depend on u, this implies that the surface term from the
boundary at t = −T + a5 vanishes identically.
Thus we have
d
du
η
surf
=
lim
a5→0
lim
T→∞
1
π
Im
1
a25
Trx PR
d
du
(
1
D→5w(T) − m0a
)
(T ;T )PL
1
D→5w(∞) − m0a
(T+a5;T+a5).
(4.19)
4.2.3 Inverse five-dimensional Wilson-Dirac operators in four-
dimensional surfaces at boundaries
We next evaluate the inverse five-dimensional Wilson-Dirac operators along
four-dimensional surfaces, which appear in the r.h.s. of Eq. (4.19). The
inverse of
(
D→5(T ) − m0a5
)
at s = t = T is nothing but the propagator of
the boundary variables of the simplified domain-wall fermion, which we dis-
cussed in section 2.3. In the limit T → ∞, it can be given in terms of the
inverse of the effective Dirac operator as follows:
lim
T→∞
PR
1
a5
1
D→5w(T) − m0a
(T ;T ) = PR
(
1
aDeff
− 1
)
[Uµ(x;u)] . (4.20)
The inverse of
(
D→5(∞) − m0a5
)
at s = t = T + a5 can be also related to the
effective Dirac operator through its representation in terms of the inverse
five-dimensional Wilson-Dirac operator, Eq. (2.54). We have
1
a5
1
D→5(∞) − m0a
(T+1;T+1)PR =
a
2
(γ5Deffγ5 −Deff) [Uµ(x;u)]PR. (4.21)
27
With these results, the surface term can be evaluated further as
d
du
η
surf
= lim
a5→0
1
π
ImTrx PR
d
du
(
1
Deff
− 1
)
PL
1
2
(γ5Deffγ5 −Deff)
= lim
a5→0
1
π
ImTrx
d
du
1
Deff
PL (−Deff) [Uµ(x;u)]
= lim
a5→0
1
π
ImTrx PL
d
du
Deff
1
Deff
[Uµ(x;u)] . (4.22)
In the limit a5 → 0, Deff reduces to the original Neuberger’s Dirac operator
D of Eq. (2.15) and finally we obtain Eq. (4.3).
4.2.4 Bulk term in the continuum limit
We next turn to the bulk contribution ddu ηbulk given by Eq. (4.15),
d
du
η
bulk
= lim
a5→0
lim
T→∞
1
π
ImTr(T )
d
du
D5w
1
D5w(∞) − m0a
.
We will calculate this contribution in the classical continuum limit a → 0
and will show that it reproduces the variation of the Chern-Simons term up
to the local current of Bardeen and Zumino [20].
In evaluating the bulk contribution, we set a5 = a. At the same time
as to take the continuum limit, we also take the limit of the infinite extent
of the fifth dimension N → ∞, keeping T = Na5 ≫ ∆ finite. The limit
T → ∞ is taken at last. We adopt the plane wave basis eikM (xM/a), where
the five-dimensional coordinate is denoted as xM = (xµ, t) (M = 1, 2, 3, 4, 5)
with upper case Latin indices.
The five-dimensional Wilson-Dirac operator D5(∞) acts on the plane
wave basis as follows:(
D5(∞) −
m0
a
)
eikM (xM/a)
= eikM (xM/a)
(
5∑
M=1
1
a
(
iγM sin kM + 2 sin
2 kM
2
)
− m0
a
−
∑
M
1
2
[
(1− γM )eikM∇M + (1 + γM )e−ikM∇†M
])
.
(4.23)
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The second term in the r.h.s. may be expanded for a smooth background as
V (k) ≡
∑
M
1
2
[
(1− γM )eikM∇M + (1 + γM )e−ikM∇†M
]
= i
∂
∂kM
S(k)−1DM +O(a), (4.24)
where DM is the covariant derivative in the continuum limit
DM = ∂M + iAM (x) (4.25)
and S(k) is the free propagator of the five-dimensional Wilson-Dirac fermion,
S(k)−1 =
5∑
M=1
(
iγM sin kM + 2 sin
2 kM
2
)
−m0 (0 < m0 < 2). (4.26)
Then, inserting the delta-function
δxy =
∫ pi
−pi
d5k
(2π)5
eikM (x−y)M /a (4.27)
into the functional trace of the bulk term, we obtain the expansion
d
du
η
bulk
= lim
T ′→∞
lim
a→0
1
π
ImTr(T )
∫ pi
−pi
d5k
(2π)5
×
e−ikM (xM/a)
d
du
D5
1
D5(∞) − m0a
eikM (xM/a)
= lim
T ′→∞
lim
a→0
1
π
Im
∑
xM
∫ pi
−pi
d5k
(2π)5
×
Tr (−1) d
du
V (k)
∞∑
l=0
al+1 {S(k)V (k)}l S(k)
= lim
T ′→∞
1
π
Im
∫ ∫ T ′
−T ′
d4xdt CJMNKLTr
{
d
du
AJ DMDNDKDL
}
+O(a), (4.28)
where
CJMNKL =
∫ pi
−pi
d5k
(2π)5
tr(S∂JS
−1)(S∂MS−1)(S∂NS−1)(S∂KS−1)(S∂LS−1)(k).
(4.29)
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This coefficient can be evaluated using the fact that it gives a topological
number associated with the five-dimensional Wilson-Dirac propagator S(k).
[33, 34]. It is completely anti-symmetric and takes the following value:
CJMNKL = ǫJMNKL
i
8(π)2
, (4.30)
with the convention for the gamma matrices γ1γ2γ3γ4γ5 = 1. Then the bulk
term in the classical continuum limit is given as
d
du
η
bulk
= lim
T ′→∞
− 1
π
∫
d4x
∫ T ′
−T ′
dt
1
32(π)2
Tr
{
d
du
AJ FMNFKL
}
+O(a).
(4.31)
5 The lattice η-invariant and the effective action
for chiral Ginsparg-Wilson fermions
5.1 Relation to the effective action for chiral Ginsparg-Wilson
fermions
Now we discuss the relation of our lattice implementation of the η-invariant
to the effective action for the chiral Ginsparg-Wilson fermions in abelian and
non-abelian chiral gauge theories [8, 10, 17]. For the one-parameter family of
the gauge fields of Eq. (4.1), the effective action for the right-handed chiral
Ginsparg-Wilson fermion is parametrized by u:
Γeff = ln detMkj [Uµ(x;u)] . (5.1)
The variation of the effective action with respect to the parameter u is
obtained from Eq. (2.37) by the choice of ζµ(x) =
d
duUµ(x;u)U
−1
µ (x;u) as
d
du
Γeff [Uµ(x;u)] = Tr
d
du
D PˆRD
−1PL +
∑
k
(
vk,
d
du
vk
)
. (5.2)
Comparing this with the variation of the lattice η-invariant Eq. (4.3), we
obtain
d
du
Γeff [Uµ(x;u)] =
d
du
η [Uµ(x, t;u)]
− lim
a5→0
lim
T→∞
1
π
ImTr(T )
d
du
D5(∞)
1
D5(∞) − m0a
+
∑
k
(
vk,
d
du
vk
)
. (5.3)
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This equation implies that the combination of the last two terms of the
r.h.s. can be writen as a total derivative in u of a certain functional of the
five-dimensional gauge field, Uµ(x, t;u). We denote it by 2πQ5 [Uµ(x, t;u)].
Then, by integrating in u, we obtain a formula for the imaginary part of the
effective action:
ImΓeff [Uµ]− ImΓeff
[
U0µ
]
= πη [Uµ(x, t)] + 2πQ5 [Uµ(x, t)] , (5.4)
where
2πQ5 [Uµ(x, t)] ≡ − lim
a5→0
lim
T→∞
∫ 1
0
du ImTr(T )
d
du
D5w(∞)
1
D5w(∞) − m0a
+
∫ 1
0
du
∑
k
(
vk,
d
du
vk
)
. (5.5)
This is the relation which may be regarded as the lattice counterpart of
Eq. (2.8).
Q5 here can be regarded as a lattice expression of the Chern-Simons term
in the following sense. 1) First of all, Q5 compensates the dependence of η
on the path of the interpolation and make it integrable so that it can give the
effective action of chiral fermions, which depends on only the values of gauge
fields at the boundaries. 2) Q5 reproduces the non-abelian gauge anomaly
of the effective action, while η is gauge invariant. If Uµ(x) is obtained from
U0µ(x) by a certain gauge tranformation,
Uµ(x) = g(x)U
0
µ(x)g(x + µˆa)
−1, (5.6)
we may consider an interpolation of the gauge transformation function,
g(x, t), such that g(x, t = −∞) = 1 and g(x, t = ∞) = g(x) and the re-
gion of the interpolation is within t ∈ [−∆,∆].10 Then we obtain
ImΓeff
[
g(x)U0µ(x)g(x + µˆa)
−1]− ImΓeff [U0µ(x)]
= 2πQ5
[
g(x, t)U0µ(x)g(x + µˆa, t)
−1, g(x, t)g(x, t + a5)−1
]
.
(5.7)
We should also note the role of the contribution of the second term
of the r.h.s. of Eq. (5.5), so called the measure term. As we have seen,
10In this equation, the fifth component of the interpolating five-dimensional gauge field
is introduced. The evaluation of d
du
η in section 4 holds true even if we introduce the fifth
component of the gauge field as long as its support is within the region t ∈ [−∆,∆].
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by virtue of the measure term, the path-dependece in the u-integration is
removed and Q5 becomes a functional of Uµ(x, t). It corresponds to the local
current of Bardeen and Zumino in the continuum theory. More importantly,
as shown by Lu¨scher in [10], the measure term plays a crucial role for the
gauge invariance of the effective action in abelian chiral gauge theories on
the lattice.
5.2 Gauge invariance of the lattice Chern-Simons term in
abelian chiral gauge theories
The gauge-invariant choice of the measure term implies the gauge-invariance
of the lattice Chern-Simons term, Q5. In order to see this, let us consider the
lattice Chern-Simons term, Q5, in an abelian gauge theory and examine its
gauge transformation property under the infinitesimal gauge transformation,
δAµ(x, t) = −∂µω(x, t), (5.8)
ω(x, t = −∞) = 0, ω(x, t =∞) = ω(x). (5.9)
Since η is gauge invariant, the transformation of the five-dimensional bulk
term of Q5 (See Eq. (5.5)) can be evaluated through the transformation of
the surface contribution in Eq. (4.3). Then Q5 is transformed as follows:
δω2πQ5 [Uµ(x, t), U5(x, t) = 1]
= −δω
∫ 1
0
du ImTrx PL
d
du
D
1
D
− i
∫ 1
0
du a4
∑
x
ω(x)∂∗µjµ(x) [uAµ]
= −i
∫ 1
0
du
∑
x
ω(x)
{
trγ5 (1− aD) (x, x)− a4∂∗µjµ(x)
}
[uAµ] . (5.10)
Here we have noted that δωD [uAµ] = iu [ω,D].
As discussed in section 2.2, for anomaly free abelian chiral theories, the
anomalous term which is induced from the five-dimensional bulk term can
be written in the form
trγ5 (1− aD) (x, x) = a4∂∗µk¯µ(x). (5.11)
On the other hand, it is possible to choose the measure term so that it
satisfies the anomalous conservation law of Eq. (2.41),
∂∗µjµ(x) = ∂
∗
µk¯µ(x). (5.12)
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Then these two terms cancels exactly and the lattice Chern-Simons term Q5
becomes gauge-invariant.
As pointed out by Suzuki in [17], the ansatz for the measure term
Eq. (2.42) can be obtained from the following integral expression for the
effective action:
Γeff [Aµ] =
∫ 1
0
dt
(
TrPL
d
dt
D
1
D
[tAµ]− ia4
∑
x
Aµ(x)k¯µ(x) [tAµ]
)
. (5.13)
Comparing Eq. (5.13) with Eq. (5.2), we find that the integration of the
measure term can be given by the integration of the local current k¯µ(x):∫ 1
0
du
∑
k
(
vk,
d
du
vk
)
= −
∫ 1
0
du a4
∑
x
Aµ(x)k¯µ(x) [uAµ] . (5.14)
Then we obtain a compact expression for the lattice Chern-Simons term as
follows:
2πQ5 [Uµ(x, t)] ≡ − lim
a5→0
lim
T→∞
∫ 1
0
du ImTr(T )
d
du
D5w(∞)
1
D5w(∞) − m0a
−
∫ 1
0
du a4
∑
x
Aµ(x) k¯µ(x) [uAµ] . (5.15)
For the non-abelian gauge theories, the gauge covariant local current
such like k¯µ(x) in the case of abelian chiral gauge theories is not obtained so
far.11 Such a gauge covariant local current could correct the five-dimensional
bulk term
lim
a5→0
lim
T→∞
∫ 1
0
du ImTr(T )
d
du
D5w(∞)
1
D5w(∞) − m0a
(5.16)
to give the lattice Chern-Simons term 2πQ5 with desired properties.
5.3 Integrability of η
In the classical continuum limit, the Chern-Simons term vanishes identically,
when the condition for gauge anomaly cancellation is satisfied. Then the ef-
fective action for chiral fermions can be given entirely by the η-invariant.
11In the recent work [18] by Lu¨scher, it has been shown to all orders of an expansion in
powers of the lattice spacing that the gauge covariant local current of the desired property
exists.
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Then one may ask whether this ideal situation would happen on the lattice
with a finite lattice spacing, when the condition for gauge anomaly cancel-
lation is satisfied,
ImΓeff
?
= πη if
∑
R
Tr
(
T a
{
T b, T c
})
= 0. (5.17)
For this, the five-dimensional bulk term should vanish identically, or should
become integrable and depend only on the boundary values of the interpolat-
ing five-dimensional gauge field. It does not seem to be the case in general,
however, from the result in the previous subsection. We need further study
on this point. It may be possible to realize this ideal case by deforming the
five-dimensional Wilson-Dirac operator, which enters to the fermion action
Eq. (3.1), as suggested by Neuberger [22, 39].
6 Summary and Discussion
In this paper, we considered a lattice implementation of the η-invariant, us-
ing the complex phase of the determinant of the (simplified) domain-wall
fermion, which couples to an interpolating five-dimensional gauge field. It
is realizing the idea of Kaplan and Schmaltz explicitly on the lattice. The
lattice η-invariant is examined and is shown to have a direct relation to
the imaginary part of the (gauge invariant) effective action for the chiral
Ginsparg-Wilson fermion in the case using Neuberger’s Dirac operator. Al-
though the formula of the lattice η-invariant seems to be practical, the issue
of the integrability is remained. A lattice expression for the five-dimensional
Chern-Simons term is obtained. It should also be examined how the global
anomaly [40] fits in this implementation of the η-invariant [41].
Our analysis shows clearly and explicitly that the interplay between the
four-dimensional chiral fermion and the five-dimensional (massless) fermion,
which is known in the continuum theory, can be realized on the lattice in
the framework of the domain-wall fermion and the overlap formalism, where
the Ginsparg-Wilson relation is built in. It is expected that other known
relations over various dimensions could be also realized in the framework of
lattice gauge theory.
Quite recently, starting from the Ginsparg-Wilson relation, a general for-
mula of the effective action for chiral Ginsparg-Wilson fermions is derived by
Lu¨scher [18] and its relation to the η-invariant is suggested. It is conceivable
that there is a close relation between this formula and the implementation
of the η-invariant discussed in this paper. The relation should be clarified
in detail. This issue is under investigation.
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Appendix
A Dirichlet boundary condition by surface inter-
action
In section 4, in order to show that the surface term dduη is localized at the
boundary, we use the following identity which holds for s, t ∈ [−T + 1, T ]:
1
D5w(T) − m0a
(s, x; t, y)− 1
D5w(T+∆T) − m0a
(s, x; t, y)
=
1
D5w(T) − m0a
V(−T+a5;T )
1
D5w(T+∆T) − m0a
(s, x; t, y)
(A.1)
where
V(−T+a5;T ) =
1
a5
{−PLδs,−T δt,−T+1 − PRδs,−T+1δt,−T
−PLδs,T δt,T+1 − PRδs,T+1δt,T } . (A.2)
In this appendix, we give the derivation of this identity.
For this purpose, let us introduce the five-dimensional Dirac fermion
defined in the larger five dimensional space [−T − ∆T + a5, T + ∆T ], but
with the couplings between the lattice sites (−T,−T + a5) and between the
lattice sites (T, T + a5) omitted.
We denote the five-dimensional Dirac operator of this system by D∨5(T+∆T ).
Then the difference between D∨5(T+∆T ) and D5(T+∆T ) is given by the surface
interaction V(−T+a5;T ) of Eq. (3.26) (Eq. (A.2)).
D∨5w(T+∆T) = D5w(T+∆T) − V(−T+a5;T ). (A.3)
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Figure 6: Implementation of Dirichlet B.C. by surface interaction
Then we have
1
D∨5w(T+∆T) − m0a
− 1
D5w(T+∆T) − m0a
=
1
D∨5w(T+∆T) − m0a
V(−T+1;T )
1
D5w(T+∆T) − m0a
.
(A.4)
On the other hand, the field variables in the interval [−T + a5, T ] does not
have any coupling to those outside the region and they are nothing but the
field variables described by D5w(T). Then, we have
1
D∨5w(T+∆T) − m0a
(s, x; t, y) =
1
D5w(T) − m0a
(s, x; t, y) (A.5)
for s, t ∈ [−T + a5, T ]. From these two relations, Eq. (4.10) (Eq. (A.1))
follows immediately. In the limit ∆T →∞, it reduces to Eq. (3.25).
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